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CHAPTER I

INTRODUCTION

Brittle materials are encountered in a wide range of applications, including
concrete in construction, ceramics in modern personnel and vehicle armor, sea ice, and
solid crystals in polymer-bonded explosives. These materials typically exhibit high
compressive strength but low tensile strength. In addition, at low temperatures or high
strain rates some ductile materials can exhibit behavior that can be described as brittle in
nature. As a result, modeling the mechanical response of brittle materials, in particular
their damage and failure, has become increasingly important in order to properly design
structures containing brittle components to avoid catastrophic failure. Over the last thirty
years, a number of models have been developed to study the behavior of brittle materials
under dynamic loading. For example, Dubé et al. in [1] developed a rate-dependent
damage model for concrete under dynamic loading. Zhang et al. in [2] developed an
anisotropic model for dynamic damage and fragmentation of rock under explosive
loading. These and many other models are described and assessed in a recent review
paper by Zhang and Zhao [3].
The models that have been developed range from simple empirical models to
micromechanics-based models that provide more accurate descriptions of material
responses under general loading conditions. In order for a model to be useful, it needs to
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accurately predict the actual behavior of materials. One aspect of brittle materials that
has proven to be challenging in this regard is the strain-softening phenomenon, which
occurs due to the accumulation of damage such as microcracks and voids, causing the
stress-strain curve to take on a negative slope (tangent stiffness). Strain softening can
cause the Initial-Boundary-Value Problem (IBVP) associated with the material model to
be mathematically ill-posed if the model does not take strain-rate effects into account [4].
In this context ill-posedness of an IBVP means that small differences in initial-boundary
conditions can lead to grossly different solutions, even for finite times. Practically
speaking, this often leads to lack of convergence upon mesh refinement in numerical
solutions of a problem using the model. Even well-posed models of brittle material
behavior tend to exhibit instability. That is, solutions to problems with slightly different
initial conditions diverge over time, but are bounded for finite times. If the model
accurately captures the material behavior, then this can be due to the unstable nature of
the brittle materials themselves. It is the goal of this work to show that the Dominant
Crack Algorithm (DCA) model for damage in brittle materials is well-posed.
Furthermore, the DCA model captures the unstable behavior of brittle materials due to
crack growth, which results in the growth of perturbations to the steady-state solution.
The DCA model, developed by Zuo et al. in [5], is a physically-based
micromechanical model that accounts for the strain-rate effect through the evolution
equation for the rate of crack growth. Its theoretical formulation is closely related to that
of the Statistical Crack Mechanics model of [6] and the Isotropic Statistical Crack
Mechanics model of [7]. The DCA model incorporates anisotropy of damage through the
dependence of the damage tensor on the stress state. Recently, the model has been
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expanded to include plasticity [8], though that version of the model is not examined here.
The DCA model is relatively simple to implement from a computational perspective, yet
sufficiently robust to capture many of the phenomena observed in brittle materials.
Because the model has already been implemented and used in several applications, it is
worthwhile to determine whether the model is mathematically well-posed. If it is not, the
current formulation may have to be abandoned or modified. If it is, then those using the
model can be more confident in its numerical results.
In Chapter II a brief overview of two relevant damage models—on which the
DCA model is based—is given. A detailed theoretical overview of the DCA model is
presented in Chapter III. In Chapter IV the stability and well-posedness of the DCA
model are examined through the analysis of perturbations to the steady-state solution of a
uniaxial stress problem. Chapter V concludes and summarizes this work.
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CHAPTER II

PREVIOUS MODELS

A number of models have been developed for brittle materials. This chapter
describes two such models: the Statistical Crack Mechanics model and the Isotropic
Statistical Crack Mechanics model. The DCA model is based on these models, so they
are described to provide a context for the current work. The Statistical Crack Mechanics
model is described in Section 2.1. The Isotropic Statistical Crack Mechanics model is
described in Section 2.2.

2.1

Statistical Crack Mechanics Model
The Statistical Crack Mechanics (SCRAM) model was developed by J.K. Dienes

and coworkers at the Los Alamos National Laboratory beginning in the late 1970s and
early 1980s [9] [10] [11] [6]. It was further developed in [12] and is described in its
current state in [13]. It was initially developed to model the behavior of oil shale during
in-situ retorting [9]. Earlier models that had attempted to use plasticity to explain the
observed behavior had been difficult to adapt to the problem and did not provide
information about rubble size and crack size and distribution [9]. Plasticity models also
failed to naturally explain rate-dependence effects, having to introduce empirically
determined functions in order to account for this behavior [11].
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Dienes took the approach of modeling the behavior of individual cracks, making
an assumption about their initial statistical distribution, then examining how that
distribution propagated in time [9]. In [10] Dienes and Margolin were able to develop
explicit formulas for crack opening strain and crack shear strain due to a general stress
state applied to a material containing a large number of penny-shaped cracks. In the
same paper, they described a way to implement their work numerically, developing an
algorithm to apply their model [10]. By introducing the rate of crack growth, the model
was able to accurately reproduce the rate effects that had been observed in oil shale [10].
Furthermore, plasticity models had had trouble explaining the shear dilatancy observed in
rock materials; the SCRAM model suggested that this dilatancy was due to cracks
opening on loading and remaining open upon unloading [11].
In his first paper, Dienes attempted to create an isotropic model, but the attempt
“was abandoned because it could not incorporate the effects of shear cracks … and
because it appear[ed] to be important to permit cracks with certain orientations to grow
while others remain fixed in size” [11, p. 177]. With this in mind, the SCRAM model
takes into account the orientation of cracks. It decomposes the strain of the material into
linear elastic strain of the undamaged matrix, crack opening strain, crack shear strain,
crack growth, material rotation, and non-linear matrix effects [6]. Each crack-related
strain is calculated by integrating over all crack orientations. Anisotropy of crack
development produced through internal mechanisms such as friction is predicted by this
model under certain loads [11].
This model has been used successfully to explain observed experimental results
that previous plasticity models were unable to explain. For example, it has been observed
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that spherical explosives in oil shale consistently produce aspirin-shaped cavities, despite
plasticity-based models’ predictions of a nearly spherical cavity [11]. The SCRAM
model explains this through the opening of bedding cracks along the midline of the
explosive. The SCRAM model has also explained the explosion of propellant upon lowspeed impact through the formation of frictive “hot spots” on the surfaces of closed
cracks and the initiation of chemical reactions as a result [12]. It has also been used to
explain the damage and failure of ceramic armor under ballistic impact [14].
The SCRAM model has proven to be a robust model that accounts for opening
shear, growth, and coalescence of a multitude of cracks along a number of orientations.
It is computationally expensive, however, because it is so general. Furthermore, the
theoretical framework is rather involved. In light of this, the Isotropic Statistical Crack
Mechanics model was developed to alleviate some of these difficulties.

2.2

Isotropic Statistical Crack Mechanics Model
The Isotropic Statistical Crack Mechanics (Iso-SCRAM) model was developed by

F.L. Addessio and J.N. Johnson starting in the late 1980s [7]. This section summarizes
some key details of the model found in [7], and all information is taken from there except
where noted. Iso-SCRAM was developed in part to analyze the deformation, failure and
post-failure response of ceramic armor under impact. It is based in part on the SCRAM
model, but there are some key differences: Iso-SCRAM assumes that the applied stress is
close to isotropic and that the crack size and orientation remain isotropic; cracks in all
orientations are assumed to be open if the hydrostatic pressure is negative and closed if
the pressure is positive; the damage growth rate is assumed to be an exponential function
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of the distance between the stress state and the damage surface; crack coalescence and
bifurcation are ignored.
These assumptions are made in part to simplify the theoretical analysis as well as
the numerical implementation of the model. Furthermore, the isotropy assumptions are
made in order to “provide compatibility with [a] previously developed [by the authors]
tensile plasticity model for ductile failure” [7]. As a result of the assumptions in the
model, however, it produces some non-physical effects. The model predicts that crack
growth occurs only in cracks larger than a certain critical crack size that depends on the
applied stress. This prediction does not have a physical justification, nor has it been
observed in experiment. The Iso-SCRAM model does not predict shear dilatancy, a
departure from the observed behavior of brittle materials. Finally, there is a discontinuity
in the damage surface, which stems from the assumption that all cracks are either open or
closed, depending on the pressure. In crack mechanics, when principal stresses are not
all tensile or all compressive, some cracks are under tension and are therefore open, while
others are under compression and therefore closed [5].
Despite these drawbacks, the Iso-SCRAM model does accomplish some of the
goals it sets out to meet. Since the damage is parameterized by the mean crack size,
numerical implementation of the model using an incremental continuum formulation is
relatively simple. The model has been used to predict damage in ceramics under impact
conditions, and the predictions have matched experimental results such as those in [15]
and [16] with a reasonable degree of accuracy. Furthermore, the model’s simplicity and
numerical efficiency have led to its use as the starting point for several other damage
models (e.g., [17], [18]). In spite of these successes, the drawbacks of the Iso-SCRAM
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model led Zuo et al. to develop the DCA model [5]. In particular, the fact that
discontinuity in the damage surface and the isotropy of crack opening were shown to lead
to thermodynamic inconsistency [19] and the lack of justification for the damage growth
rate were catalysts in the development of the DCA model.
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CHAPTER III

SUMMARY OF THE DCA MODEL

The Dominant Crack Algorithm (DCA) model was developed in the middle of the
2000s by Q.H. Zuo and coworkers [5]. As noted in Section 2.2, the model was intended
to improve on some of the problems with the Iso-SCRAM model. In particular, the DCA
model includes anisotropy of crack response through inclusion of the dominant crack
direction. It also removes the discontinuity in the damage surface when moving from
positive to negative pressure. This chapter summarizes the DCA model so that the
subsequent analysis can be interpreted in context. Except where otherwise noted, this
chapter is a summary of [5]. An overview of the model is given in Section 3.1. The
model’s treatment of crack strain is described in Section 3.2, and the resulting stressstrain response is described in Section 3.3. A damage surface is defined in Section 3.4,
and the evolution of crack growth is related to the damage surface in Section 3.5. Some
numerical results from the model are described in Section 3.6. A comparison of the DCA
model with the Iso-SCRAM model is given in Section 3.7.

3.1

Overview
The DCA model assumes that a large number of penny-shaped cracks are

distributed throughout the material. The orientations and locations of the cracks are
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initially uniformly random and uncorrelated, and their size is small compared to the
separation between them. The sizes of the cracks are exponentially distributed, and the
crack number density function n(c, n, t ) can be approximated by the exponential function

n ( c , n, t ) 

c 
N 0 (n)

exp  
,
c (n, t )
 c (n, t ) 

(3.1)

where n(c, n, t ) represents the crack number density per unit volume with radius c and
unit normal n at time t, N0 (n) represents the initial crack number density per solid angle
for crack orientation n, and c (n, t ) represents the average radius of cracks with
orientation n at time t. It is further assumed that the crack size and number density
functions are isotropic. That is, c (n, t )  c (t ) and N0 (n)  N0 . This model is intended
to be applied to materials that do not exhibit strongly anisotropic damage and to stress
states that are close to hydrostatic pressure.

3.2

Crack Strain
When the material is subjected to a stress  , the material undergoes strain both

via the elastic response of the underlying undamaged matrix and via the response of the
cracks. The crack strain  c can be written as
 c   cs   co ,

(3.2)

where  cs is the shear crack strain and  co is the crack opening strain. Based on the work
of Addessio and Johnson (1990), the shear crack strain  cs ( , c ) can be written as

 cs ( , c ) 

64 1 
N 0 c 3 d ,
5G 2 

where G is the shear modulus of the material,  is the Poisson ratio of the material,
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(3.3)

 d    pi is the stress deviator, and p  (tr ) 3 is the hydrostatic pressure. Here i
is the second-order identity tensor. It should be noted that  cs ( , c ) evolves with time
since c depends on time.
Based on the work of Lewis [20] and Hansen and Schreyer [21] [22], the crack
opening strain can be approximated by the activated crack opening strain. Activated
crack opening strain is crack strain due to tensile principal stresses. The approximation
for crack opening strain can be written as

 co ( , c ) 

64
5
(1  ) N0c 3P   P d  Psp  P  ,
15G

2


(3.4)

where

1
1
P sp  (i  i ) and P d  I  (i  i )
3
3

(3.5a,b)

are the spherical and deviatoric projection operators, respectively, and I is the symmetric
fourth-order identity tensor with components I ijkl  ( ik  jl   il jk ) 2 defined in terms of
the Kronecker delta  ij . It should be noted that the stress deviator defined above is
defined in terms of the deviatoric projection operator:  d  P d . The positive projection
operator P in Equation (3.4) removes compressive components of stress. In particular,
if stress is expressed in terms of the principal stresses and principal stress directions as



e

j 1,2,3

j

j

ej,

(3.6)

where 1   2   3 are the principal stresses and e1 , e2 , and e3 are the corresponding
principal stress directions, then the positive projection    P  of stress is given by
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j 1,2,3

 j ej ej,

(3.7)

where the angled bracket is the Macaulay bracket, which takes the value of its argument
when the argument is positive and a value of zero otherwise.
Substituting the expressions in Equations (3.3) and (3.4) into Equation (3.2) gives
an expression for the total crack strain:
 3
5

P d  P   P d  Psp  P    ,

2
 
 2 

 c   e N0c 3 

(3.8)

where  e  64 (1  ) 15G is a material constant. The dimensionless scalar
d (c )  N 0 c 3 , which occurs in the expressions for both  cs and  co , can be thought of as a

measure of the damage in the material.

3.3

Stress-Strain Response
As noted in the previous section, the strain  in response to an applied stress 

can be written as

  m  c,

(3.9)

where  m is the strain of the undamaged matrix and  c is the crack strain. Assuming the
undamaged material is isotropic and linear elastic, the matrix strain can be written as

 m  Cm ,

(3.10)

where
Cm 

1 sp 1 d
P 
P
3K
2G

(3.11a)

is the compliance of the undamaged material and
K  2G(1  )  3(1  2 ) 
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(3.11b)

is the bulk modulus of the material. Substituting Equations (3.8) and (3.10) into
Equation (3.9) gives an explicit relationship between strain and stress:
 3
5

P d  P   P d  Psp  P    .

2
 
 2 

  Cm   e N 0c 3 

(3.12)

Defining the damage tensor D(c ) by

 3
5

D(c )   e N 0c 3 
P d  P   P d  Psp  P   ,

2
 
 2 

(3.13)

Equation (3.12) can be rewritten as

  C(c ) ,

(3.14)

where C(c )  Cm  D(c ) is the current compliance of the damaged material.
It should be noted that the damage tensor D(c ) is isotropic when the principal
stresses are all compressive or all tensile, but it becomes anisotropic when the principal
stresses have mixed signs. In particular, orientations that are aligned with the tensile
principal stresses will accumulate more damage than other orientations.

3.4

Damage Surface
If the applied stress is sufficiently large, then cracks in the material can begin to

grow in size. The model assumes that cracks remain penny-shaped and that they are open
or closed, depending on whether the normal component of the traction on the surface of
the crack is positive or negative, respectively. According to the Griffith instability
criterion, a single crack with size c and normal n becomes unstable and grows in size
when

13

F n ( , n, c ) 

g ( , n, c )
 1  0,
2

(3.15)

where  is the effective surface energy of the material, 2 is the critical energy-release
rate, and g ( , n, c ) is the energy-release rate for a penny-shaped crack under mixedmode loading. An expression for g ( , n, c ) has been developed (e.g., [23], [24]). It can
be written as
g ( , n, c ) 

f ( , n)c 4 1 
,
G
 2 

(3.16)

where f ( , n) is a stress function that depends on whether the crack is open or closed.
For an open crack ( n  0) both normal and shear stresses contribute to the
crack’s instability and the stress function is given in [25] [26] [23] by


f ( , n)  1    n2  sn2 ,
 2

(3.17a)

where  n  n   n and sn  n   2n  (n   n)2 are the normal and shear components,
respectively, of the remote traction on the crack surface. For a closed crack ( n  0) the
friction on the crack surface helps to stabilize the crack. Assuming Coulomb’s friction
law, the stress function is given in [24] by
f ( , n)  ( sn   n ) 2 H ( sn   n ),

(3.17b)

where  is the coefficient of static friction of the material and H is the Heaviside step
function, which takes a value of zero, if its argument is negative, and one otherwise.
For a given crack size and stress state, the critical crack orientation nc is the one
that maximizes the stress function f ( , nc ) and thus maximizes the energy-release rate

g ( , nc , c ). Cracks with that orientation become unstable at the lowest applied stress.
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The DCA model defines the dominant crack as a crack with this orientation. The damage
function F ( , c ) is defined by applying Equation (3.15) to the critical orientation n c :

F ( , c )  F n ( , nc , c ).

(3.18)

The damage surface is defined by F ( , c )  0. If the state of the material is outside the
damage surface, that is, if F ( , c )  0, then the material accumulates additional damage
and its response is inelastic.
The damage surface takes one of four forms, depending on the stress state. The
signs and relative magnitudes of the principal stresses both play a role. Since the analysis
in this work is based on material under tension, the relevant damage surface is derived
from the Rankine maximum tensile criterion for brittle materials. The damage surface is
given by
F ( , c ) 

1

 cr (c )

 1  0,

(3.18)

where

 cr (c ) 

 G
(1  )c

(3.19)

is the critical tensile stress. The dominant crack is the one whose normal is in the
direction of maximum principal stress. That is, nc  e1.

3.5

Crack Growth
If the stress applied to the material is high enough, that is, if F ( , c )  0, crack

growth can occur and the material accumulates damage. A crack-growth law was
developed in [27] based on the equation of motion of the crack tip of a single crack, as
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given in [28] [29] [30]. This crack growth law was based on the energy-release rate.
That law is adapted for use in the DCA model by using the energy-release rate for the
dominant crack in order to be consistent with the derivation of the damage surface. The
crack growth law is
c  cmax 1 

2
,
g ( , n c , c )

(3.20)

where the superposed dot indicates the derivative with respect to time, the angled bracket
is the Macaulay bracket defined earlier, and cmax is the terminal speed for crack growth.
The terminal crack-growth speed is either the shear-wave speed of the matrix for closed
cracks or the Rayleigh wave speed for open cracks. The choice of which to use depends
on whether the dominant crack is open, in which case  n (n c )  n c   n c  0, or closed, in
which case  n (n c )  0.
Substituting Equations (3.15) and (3.18) into Equation (3.20) gives the following
expression for the rate of growth of the mean crack radius in terms of the damage
function:
1


c  cmax 1 
.
 1  F ( , c ) 

(3.21)

It should be noted that, as a consequence of Equations (3.18) and (3.19), when crack
growth occurs this in turn causes the damage surface to shrink. This is because the
critical stress depends inversely on the square root of the mean crack size.
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3.6

Numerical Algorithm
In [5] Zuo et al. developed both implicit and explicit numerical methods for

implementing the DCA model. Implementations of these methods in Fortran have been
created by Zuo and coworkers. These implementations were used to produce the data
that were used in the example in Section 4.6. Discussed below are a few results worth
noting from a numerical simulation done using this model. The numerical simulation
modeled uniaxial strain, cyclic loading of a sample of silicon carbide.
The plot in Figure 3.1 shows stress (11 ) versus strain (11 ) in the simulation.
The plot demonstrates several key features of the model. The curve consists of 6
segments between labeled endpoints. Segment ( A  A) shows the elastic behavior of the
initially slightly damaged material. In segment ( A  B ) the stress state has reached the
damage surface, so additional damage begins to accumulate and the damage surface
begins to shrink. This causes a decrease in E(c )   C(c )  , the effective modulus of
1

elasticity. At (B ) the damage becomes great enough that strain-softening begins to
occur. Segment (B  C) represents continued crack growth as the strain increases.
Segment (C  A  D) represents unloading during which cracks start closing. The
unloading path is elastic with the current smaller modulus of elasticity. When the
material reaches ( A) all cracks have closed, so along segment ( A  D), which represents
hydrostatic compression, the material reverts to its undamaged modulus of elasticity.
Segments (D  A  C  E) represent hydrostatic unloading to ( A) followed by uniaxial
strain loading during which the cracks reopen. At (C) the stress state reaches the
damage surface again and crack growth reinitiates.
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Figure 3.1

The stress-strain response of uniaxial strain, cyclic loading
Reprinted from Int. J. of Sol. and Struct., Vol. 43/11-12, Zuo et al., “A
rate-dependent damage model for brittle materials based on the dominant
crack”, pp. 3350-3380, Copyright (2005), with permission from Elsevier

The plot in Figure 3.2 shows the evolution of average crack size, expressed as a
multiple of the initial average crack size, c0 , in the same cyclic loading as in Figure 3.1.
In the numerical simulation the value used was c0  14 104 cm. The labeled points
correspond with the equivalently labeled points in Figure 3.1. Note that ( A) does not
appear on the segments (C  D  C), since cracks do not shrink in size when they close.
There are a couple of notable features of the model that are visible in this plot. The
horizontal line segment ( A  A) shows that the stress state is inside the damage surface,
so the crack size does not change. Immediately after (C), the strain begins to decrease,
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Figure 3.2

Evolution of crack size with strain for uniaxial strain, cyclic loading
Reprinted from Int. J. of Sol. and Struct., Vol. 43/11-12, Zuo et al., “A
rate-dependent damage model for brittle materials based on the dominant
crack”, pp. 3350-3380, Copyright (2005), with permission from Elsevier

but the crack size grows briefly. This is because the stress state is still outside the
damage surface. Physically, this makes sense: the crack growth has some inertia; it
cannot stop instantaneously.

3.7

Comparison with Iso-SCRAM
As noted in Section 2.2, the DCA model was developed in part as a response to

some problems with the Iso-SCRAM model. The DCA model was able to address three
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points in particular. First, the Iso-SCRAM model assumes that the rate of crack growth is
exponential in the distance of the stress state from the damage surface [7]. This has no
physical basis. The DCA model, by comparison, bases the crack growth rate in
Equation (3.20) on the energy-release rate, a well-established physical phenomenon.
Second, the Iso-SCRAM model assumes that all cracks are either open or closed,
depending on the sign of the hydrostatic pressure [7]. This runs counter to crack
mechanics, which predicts that crack orientations under tension will be open, while those

Figure 3.3

Comparison of the DCA (current) damage surface with that produced by
Iso-SCRAM
Reprinted from Int. J. of Sol. and Struct., Vol. 43/11-12, Zuo et al., “A
rate-dependent damage model for brittle materials based on the dominant
crack”, pp. 3350-3380, Copyright (2005), with permission from Elsevier
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under compression will be closed. The DCA model accounts for this anisotropy by the
inclusion of the positive projection operator P in the damage tensor D(c ). The
predictions of the DCA model for which cracks will be open more closely resembles
reality. Finally, the Iso-SCRAM model contains a discontinuity in the damage surface
when the hydrostatic pressure changes sign. Figure 3.3 shows a comparison between the
damage surface of the DCA model (labeled “current”) and damage surface of the IsoSCRAM model (labeled “ISOSCM”) in the case of triaxial stress in a material with

  0.25 and   0.2. The surface is shown in the pressure-shear stress plane, where
both coordinates have been normalized, to P0 and  0 , respectively, by dividing by some
critical pressure. The DCA model’s damage surface is similar in shape to that of IsoSCRAM, but it is continuous, and even differentiable, at the point where the Iso-SCRAM
surface has a discontinuity.
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CHAPTER IV

STABILITY AND WELL-POSEDNESS OF THE DCA MODEL

The stability and well-posedness of the DCA model are analyzed in this chapter.
The analysis is based on perturbations to the steady-state solution to a uniaxial stress
problem using the model’s governing equations. A description of the steady state
solution in Section 4.1 is followed by a scalar reformulation of the constitutive equations
of the DCA model in Section 4.2 and a more precise definition of stability and wellposedness in Section 4.3. The perturbation analysis of the solution is carried out in
Section 4.4, producing a set of mathematical conditions on the perturbation that are
formally proved in Section 4.5. An example of the results of the analysis using a
simulation of Silicon Carbide (SiC) is given in Section 4.6. The effects of ratedependence on the analysis are examined in Section 4.7

4.1

Steady-State Solution
Consider the simple uniaxial stress problem shown in Figure 4.1. A bar of length

L made of brittle material is loaded so as to produce a prescribed uniaxial stress

1 ( x, t )  0, which increases monotonically with time t and is defined for t  0. The
only non-zero stress component is in the x-direction. The initial crack size is c0 .
Continuity and conservation of momentum dictate the following field equations for the
22

Figure 4.1

A bar undergoing uniaxial stress

displacement u ( x, t ) of the bar:

 1 ( x, t ) 

u ( x, t )
, and
x

(4.1a)

 1 ( x, t )
,
x

(4.1b)

 u ( x, t ) 

where  is the density of the material, the dots indicate derivatives with respect to time,
and 1 ( x, t ) is the strain in the x-direction (that is, the maximum principal strain). In the
steady-state solution, 1 ( x, t ) and 1 ( x, t ) are independent of x. That is, 1 ( x, t )  1 (t )
and 1 ( x, t )  1 (t ) are functions of time only. In this case, the steady-state solution to
Equations (4.1a) and (4.1b) is
u 0 ( x, t )   0 xt ,

(4.2)

where  0 is the constant strain rate. It follows from Equation (4.1a) that the steady-state
strain is given by 1 ( x, t )   0t , so the steady-state stress can be found by inverting
Equation (3.14).
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4.2

Scalar Reformulation of Constitutive Equations
Before proceeding with the analysis, it is convenient to reformulate the

constitutive equations of Chapter III in scalar form. Because the analysis uses the stress
problem described in Section 4.1, the stress tensor  has only one non-zero component,

1. Furthermore, if the strain tensor is written in terms of the principal strains, then the
uniaxial stress condition, combined with the assumption that the material is isotropic,
implies that

 2  3 ,

(4.3)

where  2 and  3 are the second and third principal strains, respectively. Substituting
Equation (4.3) into Equation (3.14) and solving for  2 gives an expression for  2 in
terms of 1 and the elements of Cm and D(c ). Thus it is sufficient to determine the
relationship between   1 and   1. This relationship can be written as

   Cm  D(c )  ,

(4.4)

where Cm and D(c ) are the 1111-components of Cm and D(c ), respectively. It should
be noted that Cm is a constant and that, as a result of Definition (3.13), D(c ) is
proportional to c 3 .

4.3

Definition of Stability and Well-Posedness
Consider the simple loading problem discussed in Section 4.1. The stability and

well-posedness of the steady state solution given in Equation (4.2) can be analyzed by
considering perturbations to the solution and examining how they evolve with time. The
solution is considered stable if any perturbation remains bounded for all future times. It
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is considered unstable if perturbations can grow with time. Furthermore, if a perturbation
can grow without bound in finite time, then the IBVP is considered ill-posed [31] [32]
[33]. Ill-posedness is also known as Hadamard instability.
The difference between these two types of stability is important. The DCA model
attempts to predict the behavior of brittle materials. The behavior of brittle materials is
physically unstable: they fracture suddenly. Therefore if the model accurately captures
the physical processes involved, it is expected that the steady-state solution will be
mathematically unstable. This type of instability does not affect the ability of the model
to make numerical predictions about material behavior.
If the IBVP that leads to the steady-state solution displays Hadamard instability,
however, it can lead to impracticability of use of the DCA model. Since arbitrarily small
differences between initial conditions can grow arbitrarily far apart, the model can fail to
converge upon mesh refinement. Even the floating-point precision of the processor can
affect the output of the model. A model that does not produce Hadamard instability is
called well-posed.

4.4

Stability Analysis of the Steady-State Solution
The stability analysis described in Section 4.3 requires applying an arbitrary

perturbation to the solution and seeing how it evolves with time. Any perturbation can be
expressed as a superposition of harmonic functions through an inverse Fourier transform.
It therefore suffices to analyze a perturbation of the form

u( x, t )  u0 ( x, t )   u( x, t ),
where
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(4.5)

 u ( x, t )   u exp i  kx  t .

(4.6)

Here  u is the amplitude of the perturbation, i  1 is the imaginary unit, k is the real
wave number, and  is the corresponding complex frequency. Note that the only part of
Equation (4.6) that can affect the evolution of the magnitude of the perturbation is ,
since  u is a constant and exp(ikx)  1. Furthermore, in order for the perturbed solution
to satisfy the constitutive equations,  and k cannot be chosen independently.
Therefore, the analysis can now be phrased in terms of the relationship between  and

k : the solution is stable if Im  , the imaginary part of the frequency, is less than zero for
any wave number k ; it is unstable otherwise. If Im    as k  , then the problem
is ill-posed; it is well-posed if Im  is bounded from above for all positive values of k .

4.4.1

Relationship between  and k
In order to find the relationship between  and k it is necessary to find the

induced perturbations in the other variables of the model. Suppose that the steady-state
solutions for strain, maximum principal stress, and crack size are given by  0 (t ),  0 (t ),
and c 0 (t ), respectively. The perturbation to the steady-state solution will induce
perturbations in each of these quantities. The relations between these quantities are
governed by the model. Let the perturbations to maximum principal strain, stress, and
crack size be given by   x, t  ,   x, t  , and  c  x, t  , respectively, so that

 ( x, t )   0 (t )   ( x, t ),

(4.7a)

 ( x, t )   0 (t )   ( x, t ), and

(4.7b)

c ( x, t )  c 0 (t )   c ( x, t ).

(4.7c)

26

By applying the model’s governing equations to the above quantities, a relationship
between  and k can be determined.
Substituting Equations (4.6) and (4.7a) into Equation (4.1a) immediately gives

  x, t    exp i(kx  t ) ,

(4.8a)

where   ik u . Similarly, substituting Equations (4.7a-c) into the model’s constitutive
equations, Equations (3.19), (4.1b), and (4.4), constrains the perturbations of stress and
crack size to be of the form

  x, t    exp i(kx  t ) , and

(4.8b)

 c  x, t    c exp i(kx  t ) ,

(4.8c)

where  and  c are the magnitudes of their respective variations.
Substituting Equations (4.7a-c) into Equation (4.4) and taking the partial
derivative with respect to x gives

ik  ik  Cm  D(c )    ikD '(c ) c ,

(4.9)

where the derivative in the second term is taken with respect to c . Here the assumption
is made that the perturbation to stress is small enough that the sign of  ( x, t ) doesn’t
change, and so D   0. Furthermore, since D(c ) is proportional to c 3 ,
Equation (4.9) can be rewritten as

   Cm  D(c )   

3
D(c ) c .
c

(4.10)

Since the material is in tension, it follows from Equations (3.18) and (3.21) that

c
cmax

 1


 c
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,

(4.11)

where    cr (c ) c   G (1  ) is a material constant. Substituting
Equations (4.7a-c) into Equation (4.11), taking the partial derivative with respect to x,
and then simplifying gives

i

c  2
 2c    c  .
cmax
2 c c

(4.12)

Solving Equation (4.12) for  c gives

c 

2c
 2i c c 
 1 

 cmax



 .

(4.13)

Substituting Equation (4.13) into Equation (4.9) and solving for  gives


   Cm  D(c ) 


6 cmax D(c )


 .
 cmax  2i c c  

(4.14)

The coefficient of  in Equation (4.14) is 1 T ( ) , where T ( ) is the tangent stiffness.
Taking the derivative of Equation (4.1b) with respect to x, substituting in
Equation (4.1a), then substituting in Equations (4.7a) and (4.7b) gives

 2  k 2 .

(4.15)

Finally, substituting Equation (4.14) into Equation (4.15) and dividing by  gives

 2
 k 2.
T ( )

(4.16)

After a substitution for T ( ), Equation (4.16) can be rearranged to give

2i  c c  Cm  D(c )   3   cmax  Cm  5D(c )   2  2i c c k 2   cmax k 2  0. (4.17)
This equation determines an implicit relationship between  ( k ) and k that can be
analyzed. As noted above, the solutions  ( k ) of Equation (4.17) determine whether the
solution to the original stress problem is stable and whether the problem is well-posed.
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4.4.2

Analysis of 
Equation (4.17) is a cubic equation in , so it has three solutions for  for any

particular value of k . The explicit solution for  ( k ) in terms of k is given in the
Appendix. The three solutions,  (k ),  (k ), and 0 (k ), exhibit slightly different
behavior depending on the value of the normalized damage Dˆ (c )  D(c ) Cm .
If the accumulated damage is small enough so that Dˆ (c )  1 5, then for each
value of k  0,
Im  (k )  Im  ( k ) 

 cmax 1  5 Dˆ (c ) 
,
4 c c 1  Dˆ (c ) 

(4.18a)

Re  (k )   Re  (k ),

(4.18b)

0  Im 0 (k )  hDˆ , and

(4.18c)

Re 0 (k )  0,

(4.18d)

where Re  is the real part of  and hD̂ is a positive number that depends on the value
of Dˆ (c ) but which is independent of k . If the material has accumulated enough damage
so that Dˆ (c )  1 5, then for each value of k  0,
Im  (k )  Im  (k )  0,

(4.19a)

Re  (k )   Re  (k ),

(4.19b)

0  Im 0 (k ) 

 cmax
, and
2 c c

Re 0 (k )  0.

A proof of Properties (4.18a-d) and (4.19a-d) is given in Section 4.5.
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(4.19c)
(4.19d)

Since Im 0 (k )  0 for all values of k , the steady-state solution is
mathematically unstable, as expected. Perturbations with any wave number can grow
with time. This shows that the model captures the instability of the system it is modeling.
Since the imaginary parts of all three solutions are bounded from above for all wave
numbers, the IBVP of is mathematically well-posed. Perturbations cannot grow without
bound in finite time. Therefore, mesh refinement should not adversely affect
convergence of numerical implementations of the model.

4.5

Proof of Properties (4.18a-d) and (4.19a-d)
Before proceeding with the proof, it is helpful to make a few substitutions. First,

setting   i gives

2  c c  Cm  D(c )   3   cmax  Cm  5D(c )   2  2 c c k 2   cmax k 2  0, (4.20)
3
which has real coefficients. Dividing by the coefficient of  and defining

X 

Y

Z

 cmax 1  5Dˆ (c ) 
,
2 c c 1  Dˆ (c ) 
1

 Cm 1  Dˆ (c ) 

, and

 cmax

2Cm  c c 1  Dˆ (c ) 

(4.21a)

(4.21b)

(4.21c)

gives

 3  X  2  Yk 2  Zk 2  0.

(4.22)

It is important to note that by their definition, Y and Z are positive, since all the
individual parameters in Equation (4.17) are positive. The sign of X , on the other hand,
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depends on the value of Dˆ (c ) : X  0 if and only if Dˆ (c )  1 5. In order to analyze the
roots of Equation (4.17), it suffices to determine the roots of Equation (4.20) then analyze
what happens when they are multiplied by i. In particular, the real parts of the roots of
Equation (4.20) are exactly equal to the imaginary parts of the roots of Equation (4.17).
According to [34] the number of real and non-real roots of Equation (4.20) is
determined by the sign of the equation’s discriminant W  q3  r 2 , where
3Yk 2  X 2
and
9

(4.23a)

27 Zk 2  9 XYk 2  2 X 3
.
54

(4.23b)

q

r

Substituting in the definitions of q and r into W gives

W

k 2  4Y 3k 4   27 Z 2  18 XYZ  X 2Y 2  k 2  4 X 3 Z 
108

.

(4.24)

To determine the sign of W it is sufficient to determine the sign of
W  4Y 3k 4   27 Z 2  18 XYZ  X 2Y 2  k 2  4 X 3 Z ,

(4.25)

since k 2 108 is positive. Expanding the coefficient 27 Z 2  18 XYZ  X 2Y 2 of k 2 in W
using Definitions (4.21a-c) gives

27 Z  18 XYZ  X Y 
2

2

2



2
 2 cmax
2  34 Dˆ (c )  23  Dˆ (c ) 

Cm2 c 3  2 2 1  Dˆ (c ) 

4

2

,

(4.26)

which is clearly greater than zero, since all the terms are positive. Furthermore, if X is
negative, then the term 4X 3 Z is positive, so all the terms in W , and hence W itself,
are positive.
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If X is positive, on the other hand, then the sign of W depends on the value of k .
By the quadratic formula (applied twice), there are only two real values of k for which

W  0, one of which is positive and the other of which is negative. The positive value of
k for which W  0 is

  27 Z 2  18 XYZ  X 2Y 2    27 Z 2  18 XYZ  X 2Y 2   64 X 3Y 3 Z
k0 
.
8Y 3
2

(4.27)

Since the value of W when k  0 is

W

k 0

 4 X 3 Z  0,

(4.28)

it follows that
if k  k0 , then W  0,

(4.29a)

if k  k0 , then W  0, and

(4.29b)

if 0  k  k0 , then W  0.

(4.29c)

Per [34], if W  0, then Equation (4.22) has one real root and a pair of complex
conjugate roots; if W  0, then Equation (4.22) has three real roots, at least two of which
are equal; if W  0, then Equation (4.22) has three real roots.
Thus there are two cases to consider: (1) X  0 (and thus W  0 ) or (2) X  0,
in which case there are three subcases: W  0, W  0, or W  0.

4.5.1

Case 1: X  0
Since W  0, Equation (4.22) has one real root and a pair of complex conjugate

roots. By Descartes’ Rule of Signs [35], there are either exactly three positive real roots
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or exactly one positive real root. Combining these two observations means that for every

k  0 there is exactly one real root, and it is positive. Call the real root   (k ). The roots
of a polynomial are continuously dependent on its coefficients [36], so  (k ) is a
continuous function of k . Therefore it is bounded on any closed interval [37]. In
particular, it is bounded on 0  k   X
Function Theorem [37], if 0  k   X

3Y  1  k1. Furthermore, by the Implicit
3Y or k   X

3Y , then  (k ) is

differentiable with respect to k , and

2k  Z  Y   ( k ) 
d  ( k )

.
2
dk
3  (k )  2 X   (k )  Yk 2

(4.30)

Equation (4.30) is an ordinary differential equation, and it satisfies the conditions of the
Existence and Uniqueness Theorem [38] in the region k   X

3Y of the

k -   plane. This theorem implies that if two solutions to Equation (4.30) coincide for
one value of k , then they coincide for all values of k . It should be noted that

  (k )  Z Y is a solution to Equation (4.30). Therefore any solution to Equation (4.30)
that takes on a value not equal to Z Y can never take on the value Z Y . In particular, a
solution that starts above Z Y stays above it, and one that starts below it stays below it.
For k   X

3Y , the denominator of the right side of Equation (4.30) is

positive. Therefore
if   (k ) 
Since k1   X

Z
d  ( k )
, then
 0.
Y
dk

(4.31)

3Y , it follows that if    k1   Z Y , then  (k ) is decreasing for k  k1.

In particular,   (k )     k1  for k  k1; if, on the other hand,    k1   Z Y , then
33

  (k )  Z Y for k  k1. Thus  (k ) is bounded for k  k1. Since, as noted above,  (k )
is bounded for k  k1 , it follows that  (k ) is bounded from above for all k .
According to [34], the sum of the roots of Equation (4.22) is  X . Since the two
non-real roots are complex conjugates, their real parts are equal, so each of them is equal
to   X    (k )  2   X 2. Thus the real parts of the complex roots are bounded from
above by  X 2. Recalling that the roots of Equation (4.17) are equal to the roots of
Equation (4.22) multiplied by i and substituting for X using Definition (4.21a) yields
Properties (4.18a-d).

4.5.2

Case 2: X  0
By Descartes’ Rule of Signs, Equation (4.22) has exactly one positive real root. If

W  0, then the other two roots are complex conjugates; if W  0, then the other two
roots are equal, real, and negative; if W  0, then the other two roots are real and
negative, but not equal.
With that known, it is possible to investigate the boundedness of the real parts of
the roots of Equation (4.22). Fix a value of k  0. Define a function Qk ( ) defined over
real values of  by

Qk ( )   3  X  2  Yk 2  Zk 2 .

(4.32)

Then Equation (4.22) can be written as

Qk ( )  0.

(4.33)

Since Equation (4.33) has exactly one positive real root, and since the sum of the roots is

 X  0, the other two roots must either both be negative or they must be complex
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conjugates with negative real parts. In either case, the maximum real part of any solution
is the one positive real solution.
Notice that
3

2

3

2

Z
Z
Z
Z
Z
Z
Qk       X    Yk 2    Zk 2     X    0.
Y  Y 
Y 
Y 
Y 
Y 

(4.34)

Furthermore, for   0,

dQk ( )
 3 2  2 X   Yk 2  0,
d

(4.35)

so Qk ( ) is a strictly increasing function of  . But this means that
if   Z Y , then Qk ( )  Qk (Z Y )  0.

(4.36)

Thus Equation (4.33) has no solution for   Z Y . Since the choice of k was arbitrary,
this means that the positive real solution of Equation (4.22) must be less than Z Y .
Recalling that the other solutions are negative real numbers or complex numbers with
negative real part, along with the fact that the roots of Equation (4.17) are equal to the
roots of Equation (4.22) multiplied by i, then substituting for Y and Z using
Definitions (4.21b-c), yields Properties (4.19a-d).

4.6

Example with Silicon Carbide
A numerical implementation of the DCA model created by Zuo and coworkers

was used in [39] to simulate a steady-state solution to a uniaxial strain problem analogous
to the uniaxial stress problem described in Section 4.1. The material used was silicon
carbide (SiC). Although the final values of stress and strain differ slightly from the
values that would have resulted from the uniaxial stress case, in order to demonstrate the
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Table 4.1

Symbol

G






N0
c0

Table 4.2

Material properties for SiC used in simulation [7]

Meaning
Mass density
Shear modulus
Poisson’s ratio
Coefficient of static friction
Surface energy
Crack number density
Initial mean crack size

Value

Units
3

g / cm

3.177

1.869  10
0.16
0.26

dyn / cm2
(none)
(none)

1.0  104

erg / cm2

1.0  105

cm 3

1.4 103

cm

12

Outputs from simulation [39]

Symbol
c

D (c )



Value
2

Units

1.34  10
3.78 1012

cm2 / dyn

2.5  109

dyn / cm2

cm

results from Section 4.4, data from this simulation were used. The material properties for
SiC that were used as inputs in the simulation are given in Table 4.1. The simulation
used a strain rate of  0  105 s 1 and ran until the strain had reached   1.0%. The
resulting values of the quantities needed for the coefficients of Equation (4.17) are given
in Table 4.2.
As the simulation ran, it continually output the variable values. These outputs are
summarized in Figure 4.2, since they clearly demonstrate some key features of the DCA
model’s predictions for the evolution of crack size and stress with strain. Figure 4.2(a)
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(a)
10

5

0

0.

.005

.01

0.

.005

.01

(b)
1.0

0.5

0.

Figure 4.2

Evolution with strain of (a) crack size and (b) stress in simulation of SiC
undergoing uniaxial strain [39]

37

shows average crack size as a multiple of the initial average crack size versus strain. The
curve shows that the stress state was initially inside the damage surface, since at first the
crack size does not change. Then just before 0.2% strain the crack size begins to grow.
The growth is slow at first, but the rate quickly increases as strain-softening comes into
play. Figure 4.2(b) shows both principal stresses (in the uniaxial strain case  2   3 )
versus strain. The linear elastic response of the material before damage begins to
accumulate is visible in the first part of the curves. Once the crack growth begins, the
slope of the stress-strain curve quickly drops off and then becomes negative. The
transverse principal stresses drop toward zero as strain-softening takes effect.
The data from the simulation were used to calculate the coefficients of
Equation (4.17). In order to make the calculation simpler, Equation (4.17) was modified
by normalizing the frequency using the substitution

  am ,

(4.37)

where
am 

1
 Cm

(4.38)

is the acoustic speed of the undamaged material. This substitution has no effect on the
signs of the real and imaginary parts of the solutions. After the substitution, solutions

 (k ),  (k ), and 0 (k ), analogous to  (k ),  (k ), and 0 (k ), were calculated for
values of k ranging from 1 to 1,000. The real and imaginary parts of these solutions as
functions of k are plotted in Figures 4.3(a) and 4.3(b), respectively. It should be noted
that in this case Dˆ (c )  1 5, so the plots demonstrate Properties (4.19a-d). Furthermore,
the bounded, asymptotic behavior of Im 0 (k ) implied by Property (4.19c) is apparent.
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(a) Real part and (b) imaginary part of  versus k
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4.7

Comparison with Rate-Independent Model
The well-posedness of the DCA model is a direct consequence of its inclusion of

rate-dependence. The rate-independent version of the problem from Section 4.1 can be
modeled by letting cmax  . As a consequence of Equation (3.21), this models the case
where the stress state is forced to remain on the damage surface. In this case,

T ()  T  , where T   1  Cm  5D(c )  is independent of . Using Substitution (4.37)
and substituting T  into Equation (4.16) gives the relation

1  5Dˆ (c )  

2

 k 2  0.

(4.39)

Equation (4.39) is a quadratic equation, so it has two solutions. The nature of the
solutions depends on the value of Dˆ (c ).
If Dˆ (c )  1 5 then the material has accumulated some small amount of damage.
In this case, Equation (4.39) has two real solutions, each proportional to k . Since the
imaginary part is zero, this means that the perturbations propagate as traveling waves and
neither dissipate nor grow in amplitude. If Dˆ (c )  1 5, however, then the material has
accumulated a greater amount of damage. In this case, Equation (4.39) has two purely
imaginary solutions—one negative and one positive—each of which is proportional to k .
Figure 4.4 shows a comparison between the positive imaginary solution, call it

1 (k ), of Equation (4.39) and the purely imaginary solution 0 (k ) of Equation (4.17)
for the state of the SiC at the end of the simulation in Section 4.6. As immediately
follows from Equation (4.39), and as Figure 4.4 clearly indicates,
lim Im 1 (k )  .
k 

(4.23)

Thus the rate-independent version of the problem is ill-posed. This is a frequent problem
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of rate-independent damage models that is avoided by the DCA model through its
inclusion of the rate-dependence of the processes involved.
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1000

CHAPTER V

CONCLUSIONS

This work has shown the well-posedness of the DCA model in the case of a
uniaxial stress problem. This means that small perturbations to the solutions of the model
may grow, but their growth rate is bounded. Furthermore, the introduction of
perturbations with high wave number due to mesh refinement in numerical
implementations of the DCA model are not likely to affect convergence. The model
captures the physical instability of crack growth in brittle materials, and as such the
steady-state solution is mathematically unstable.
This provides strong support for the DCA model’s use in applications where its
physical assumptions are warranted. Implementation of the model in cases where the
material is initially isotropic or nearly so and in which the material contains a distribution
of microcracks should lead to numerically convergent simulations.
The well-posedness of the model stems from the inclusion of rate-dependence in
the form of crack growth. In particular, Equation (4.17) is a cubic equation whose
solutions have bounded positive imaginary part instead of a quadratic whose solutions
have unbounded imaginary part because of the inclusion of Equation (3.21) in the
analysis.
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The analysis presented here takes into consideration a very simple problem and a
steady-state solution. It is hoped that this work can be extended to higher dimensions,
more complex problems or solutions, or both. It seems likely that the model is wellposed in the most general formulation, but this has not yet been shown. The method used
here may be adaptable to higher dimensions, but this will require some significant
mathematical machinery.
In the course of the analysis, it was discovered that the nature of the solutions to
Equation (4.17) changes when the value of Dˆ (c ) goes from less than 1 5 to greater than
ˆ (c ) corresponds to the point on the stress-strain curve where the
1 5. This value of D

tangent stiffness becomes negative. Furthermore, if the damage has accumulated to the
point that Dˆ (c )  1 5, a critical value k0 of the wave number arises. It is unclear
whether k0 has any relation to real properties of the material. This is another potential
area of future investigation.
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APPENDIX

Solutions to Equation (4.17)

Equation (4.17), which is reproduced below, is cubic in  .

2i  c c  Cm  D(c )   3   cmax  Cm  5D(c )   2  2i c c k 2   cmax k 2  0. (4.17)
For each k  0, there are three solutions, 0 (k ),  (k ), and  (k ), with

Re  (k )   Re  (k ), Im (k )  Im (k ), 0 (k ) purely imaginary, and Im 0  0.
Cardano’s formula for the roots of a cubic equation can be found in any good
mathematical reference book, such as [34]. Applying it to Equation (4.17) gives the
following three solutions:


0 (k )   s1  s2 


 ( k )  

 cmax  Cm  5 D(c )  
 i,
6 c c  Cm  D (c )  

( s1  s2 ) 3  s1  s2  cmax  Cm  5 D (c )  

 
 i, and
2
6 c c  Cm  D (c )  
 2

 ( k ) 

( s1  s2 ) 3  s1  s2  cmax  Cm  5 D (c )  

 
 i,
2
6 c c  Cm  D (c )  
 2

(A.1a)

(A.1b)

(A.1c)

where

s1  3 r  r 2  q3 , and

(A.2a)

s2  3 r  r 2  q3 ,

(A.2b)
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where
q

r

2
12c 3 2  Cm  D(c )  k 2   2 cmax
 Cm  5 D ( c ) 

36  c 3 2  Cm  D(c ) 

2

2

, and

3
36  2 cmax c 3  Cm  D (c )  Cm  4 D(c )  k 2   3cmax
 Cm  5 D (c ) 

216  3c 4 c  Cm  D (c ) 

3

(A.3a)

3

.

(A.3b)

It is worth noting that despite their appearance,  (k ) and  (k ) in
Equations (A.1b-c) are not expressed explicitly in their real and imaginary parts. In
particular, the imaginary parts of  (k ) and  (k ) are not necessarily equal. Indeed,
this is the case for small values of k in the example used in Section 4.6, as can be seen in
Figure 4.3(b). This is because the value of q may be negative and thus the number under
the square roots in Equations (A.2a) and (A.2b) may be negative. As a result of this, the
values of the roots may be complex and therefore not uniquely defined. Therefore for
each root, a choice has to be made the first time that root is encountered, and then used
the same way in all future appearances. For example, if

r 2  q3  bi in

Equation (A.2a), for some specific real value of b, then it must equal bi in
Equation (A.2b) as well. Similarly, the choice made for s1 in Equation (A.2a) must be
used throughout Equations (A.1a-c). Furthermore, the cube roots in Equations (A.2a-b)
must be chosen so that the quantity s1s2 is real. Choosing a different root at any point in
the process results in a rearrangement of the solutions.
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